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A GENERALIZATION OF FUZZY SEMI-PRE OPEN SETS.
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Abstract

The authors introduced and studied fuzzy C -closed sets in fuzzy topological space where
C : [0, 1]— [0, 1] is a complement function. Let X be a non empty set. For any fuzzy subset A of
X, the complement C A of A is defined to be C A (x)= C (A (x)) for every xeX. This C is called
a complement function and C A is called the complement of A with respect to C. Using this, we
introduced fuzzy C -regular closed sets, fuzzy C -a-closed sets, fuzzy C -semi closed
sets and fuzzy C -pre closed sets and discussed their basic properties. The purpose of this paper
is to introduce fuzzy C - semi pre open sets, fuzzy C -semi-pre closed sets and to discuss their
properties.
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1. Introduction

S. S. Thakur, S.Singh [4] introduced the notion of fuzzy semi-pre open and fuzzy semi-
pre closed. And their characterizations are studied by using the complement function A'(x) = 1-
A (X), where the complement using is the standard complement function C (x) =1 — x.

In this paper fuzzy C -semi-pre open and fuzzy C -semi-pre closed sets are introduced
and characterized by using the arbitrary complement function.

In section 2, the basic concepts are discussed. In section 3, we introduce the notion of
fuzzy C - semi- pre open and studied some of their properties using fuzzy C - closure,
where C:[0, 1]— [0, 1] is a complement function.

In section 4, we give the notion of fuzzy C - semi- pre closed and studied some of their
properties using fuzzy C - closure, where C :[0, 1]— [0, 1] is a complement function.

In section 5, we define the concept of fuzzy C —semi-pre interior and fuzzy C —semi-pre
closure and investigate some of their basic properties.

In section 6, we give the concept of fuzzy C -semi -pre continuous functions.

Throughout this paper we assume that (X,t) is a fuzzy topological space in the sense of
Chang[7]. Let A and p denote the fuzzy subsets of X. For a fuzzy set A in X, the operators Int A
and Clc A denote the fuzzy interior and fuzzy C - closure of & respectively.

2. Preliminaries
Definition 2.1 [Definition 2.2, [2]]

Let C : [0, 1]—>[0, 1] be a complement function. If A is a fuzzy subset of (X,t) then the

complement C A of a fuzzy subset A is defined by C A(x) = C (A(x)) for all xeX.
Lemma 2.2 [Lemma 2.9, [2]]

Let C : [0, 1] — [0, 1] be a complement function that satisfies the monotonic and involutive
conditions. Then for any family {A,: aeA } of fuzzy subsets of X, we have

(i) C (sup{ry(x): aeA}) =Inf{ C (Ao (x)): acA}=Inf{( C Ay (x)): acA} and
(i) C (inf{hq (x): aeA}) =sup{ C (A (x)): acA}=sup{( C Ay (x)): acA} for xeX.

Definition 2.3 [Lemma 2.9, [8]]

A complement function C is said to satisfy

0] the boundary condition if C (0)=1and C (1) =0,

(i) monotonic condition if x<y = C (x) > C (y), forall x,y € [0, 1],
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(iii)  involutive condition if C (C (x)) =x, for all x €][0, 1].

The properties of fuzzy complement function C and C A are given in Klir[8] and
Bageerathi et al[2].
Definition 2.4 [Definition 3.1, [2]]

Let (X,t) be a fuzzy topological space and C be a complement function. Then a fuzzy
subset A of X is fuzzy C -closed in (X,t) if C A is fuzzy open in (X,1).

Definition 2.5 [Definition 4.1, [2]]

Let (X, 1) be a fuzzy topological space. Then for a fuzzy subset A of X, the fuzzy C -
closure of A is defined as the intersection of all fuzzy C -closed sets p containing A. The fuzzy C
-closure of A is denoted by Clc A that is equal to A{p: p> A, C pert}.

Lemma 2.6 [Lemma 4.2, [2]]

If the complement function C satisfies the monotonic and involutive conditions, then for any
fuzzy subset A of X, (i) C (IntL) =Clc (C 1) and (ii) C (ClcA) =Int (C A).

Lemma 2.7 [Theorem 4.3, [2]]

Let C be a complement function that satisfies the monotonic and involutive conditions. Then
for any two fuzzy subsets A and p of a fuzzy topological space, we have

0) AL <Clc A,

(i)  Ais fuzzy C -closed < Clc A=A,

(iii)  Clc (Clc 1) = Clc A,

(iv) A< pthenClcA<Clcy,

(V) Clc (Av n) =Clc A v Clc ,

(vi) Clc(AAp)<Clc A AClcp.

Lemma 2.8 [Theorem 4.4, [2]]

Let C be a complement function that satisfies the monotonic and involutive conditions. For any
family {A,} of fuzzy sub sets of a fuzzy topological space we have

(i) v Clc Ay < Clc (VAy)and (ii) Clc (A L) <A Clc Ay

Lemma 2.9 [Theorem 3.2, [2]]

Let (X,t) be a fuzzy topological space. Let C be a complement function that satisfies the
boundary, monotonic and involutive conditions. Then the following conditions hold.

0] 0 and 1 are fuzzy C -closed sets,

A Quarterly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories
Indexed & Listed at: Ulrich's Periodicals Directory ©, U.S.A., [Jsl=lNNECEET-MITIE! as well as in Cabell’s Directories of Publishing Opportunities, U.S.A.

International Journal of Engineering, Science and Mathematics
http://www.ijmra.us



June
2013

_.‘11\.‘]' I IV Volume 2, Issue 2 ISSN: 2320-0294

(i) arbitrary intersection of fuzzy C -closed sets is fuzzy C -closed and
(iii)  finite union of fuzzy C -closed sets is fuzzy C -closed.
Lemma 2.10 [Lemma 2.10, [2]]

Let C: [0, 1] — [0, 1] be a complement function that satisfies involutive and monotonic
conditions. Then for any family {A, : ae A } of fuzzy subsets of X. we have
(i) C (v{ho: aeA}) = A{ C Ay acA}and (ii)) C (A{ry: aeA}) =v{C Ay aeA}.

Definition 2.11 [Definition 2.15, [3]]

A fuzzy topological space (X t) is C -product related to another fuzzy topological space
(Y, o) if for any fuzzy subset v of X and C of Y, whenever CA 2 vandC pu 2 Cimply CAx1
v1xCu>vx(g where A € tand p eo, there exist Ay etand weosuchthat C Ay >vorC
w>CandCax1lvixCuy=C Ax1lv1ixC pu.

Lemma 2.12 [Theorem 2.19, [3]]

Let (X 1) and (Y o) be C -product related fuzzy topological spaces. Then for a fuzzy
subset A of X and a fuzzy subset p of Y, Clc (A x p) = Clc A x Cl¢ p.

Definition 2.13 [Definition 3.1, [5]]

Let (X,t) be a fuzzy topological space and C be a complement function. Then A is called
fuzzy C -pre open if there exists a pe t such that p <A < Clg .

Lemma 2.14 [Proposition 6.2, [5]]

Let (X, 1) be a fuzzy topological space and let C be a complement function that satisfies
the monotonic and involutive properties. Then for a fuzzy set A of a fuzzy topological space
(X,7) is fuzzy C - preopen if and only if A < Int (Clc ).

Definition 2.15 [Definition 6.1[4]]

Let (X,t) be a fuzzy topological space and C be a complement function. Then a fuzzy
subset A of X is called a fuzzy C -pre closed set of X if Clc (Int (1)) <A.
Lemma 2.16 [Proposition 6.2, [4]]

Let A be a fuzzy subset of a fuzzy topological space (X,t) and C be a complement
function that satisfies the monotonic and involutive conditions. Then A is fuzzy C -pre closed if
and only if C A is fuzzy C -pre open.

Lemma 2.17 [Theorem 6.4, [5]]
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Let (X, 1) be a fuzzy topological space and C be a complement function that satisfies the
monotonic and involutive properties. Then the arbitrary union of fuzzy C -preopen sets is fuzzy
C -preopen.

Lemma 2.18 [Theorem 5.39, [5]]

Let (X, 1) and (Y, o) be the fuzzy topological spaces such that X is C -product related to
Y. Then the product A x p of a fuzzy C -pre open set A of X and a fuzzy C -pre open set pof Y is
fuzzy C -pre open of the fuzzy product space X x Y.

Lemma 2.19 [Proposition 3.2, [5]]

Let (X, 1) be a fuzzy topological space and let C be a complement function that satisfies the
monotonic and involutive properties. Then for a fuzzy set A of a fuzzy topological space (X,z) is
fuzzy C - semiopen if and only if X < Clc (Int ).

Lemma 2.20 [Proposition 5.4, [6]]

Let (X, t) be a fuzzy topological space and C be a complement function that satisfies the
monotonic and involutive conditions. Then for a fuzzy sub set A of a fuzzy topological space (X,
1) is fuzzy C -semi closed if and only if Int (Clc (1)) < A.

Lemma 2.21 [Lemma 5.1, [2]]

Suppose f is a function from X to Y. Then f *(C p) = C (f *(p)) for any fuzzy subset p of
Y.

Lemma 2.22 [Lemma 2.1, [1]]

Let f: X — Y be a function. If {1,} afamily of fuzzy subsets of Y, then
(i) fiva,)=vE*(4,)and
(i) f1AA,)=ATr(A,).
3. Fuzzy C - semi pre-open sets
In this section, we introduce the concept of fuzzy C - semi pre open sets of a fuzzy

topological space using fuzzy C -closure operator.
Definition 3.1
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Let (X,t) be a fuzzy topological space and C be a complement function. Then a fuzzy
subset A of X is called fuzzy C -semi-pre open if there exists a fuzzy C - pre open set u such
that pn <A < Cl¢ p.

The class of all fuzzy semi-pre open sets coincides with the class of all fuzzy C -semi-
pre open sets if the standard complement function coincides with the arbitrary complement
function.

Proposition 3.2

Let (X, 1) be a fuzzy topological space and let C be a complement function that satisfies
the monotonic and involutive conditions. Then a fuzzy subset A of a fuzzy topological space
(X,7) is fuzzy C -semi-pre open if and only if A < Clc Int Cl¢ A.

Proof.

Let A be fuzzy C -semi-pre open. Then by using Definition 3.1, there exists a fuzzy C -
pre open set u such that u <A < Clc . Since C satisfies the monotonic and involutive condition,
by applying Lemma 2.14, p < Int (Clc ) that implies p < A < Clc pu < Clc Int (Clc ). Thus we
have A <Cl¢ Int Cl¢ A.

Conversely, we assume that A < Clc Int Clc A. Let p = Int Clc A. Since p is fuzzy C - pre
open and C satisfies the monotonic and involutive condition by using Lemma 2.14, u < Int (Clc
w). From the above discussions, we have A < u < Cl¢ (A). By using Definition 3.1, A is fuzzy C -
semi-pre open.

Remark 3.3

It is clear that every fuzzy C - semi open set and every fuzzy C - pre open set is fuzzy C -
semi-pre open. But the separate converses are not true as shown by the following example.
Example 3.4

Let X = {a, b} and t = {0, {a.3, b.g}, {a.z, b.5}, {a.7, b.05}, {a.g, b.5}, {a.3, b.o5}, {a.g, b.05},

{a.7, b.g}, {a.7, b.s}, 1}. Let C (x) =11;2X, 0 < x <1, be the complement function. The family of
+ 2X

all fuzzy C -closed sets C (t) = {0, {a.4375, b.o77}, {a.57, b.25}, {8125, b.gs}, {a.4375, D25},
{a.4375, b.gs}, {a.s7, b.gs}, {125, b.o77}, {a.12s, b5}, 1} Let A = {a.3, b.4}.Then it can be
computed that Cl ¢ A = {a.4375, b.g6} and Int Clc A ={a.3, b.g}and ClcInt Clc A ={a.4375,
b.gs} . Thus A < Clc IntClcA.
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By using Proposition 3.2, we see that A is fuzzy C -semi-pre open.
Also Int A = {a.3, b.os} and Cl ¢ Int & = {a.4375, b.o77} that implies A £ ClcInt .
That shows, by using Lemma 2.19, we see that A is not fuzzy C -semi open.
Example 3.5
From Example 3.4, let X = {a, b} and t = {0, {a.3, b.g}, {a.2, b.s}, {a.7, b.os}, {a.3, b.s},
{a.3, b.gs}, {a.2, b.os}, {a.7, b.g}, {a.7, b.s}, 1} Let A = {a.,, b.gs}.Then it can be computed that CI
ch ={a.37s, bgs}and Int Clc A = {a.3, b.g} and Cl ¢ Int Cl ¢ A ={a.4375, b.gs} . Thus AL < Cl ¢ Int
ClcA.
By using Proposition 3.2, we see that A is fuzzy C -semi-pre open.
Also Clc A ={a.4375, b.g} and IntCl ¢ A = {a.3, b.g} that implies A £ Int Cl¢ A.
That shows, by Lemma 2.14, we see that A is not fuzzy C -pre open.

It is clear from Remark 3.7 [5] and 6.4 [5] that the following diagram of implications is true.

fuzzy C - semi open

fuzzy open = fuzzy C - a -opef fuzzy C:Xlni -pre-open
fuzz§%re open j

S.S. Thakur and S.Singh[9] established that the intersection of fuzzy semi pre
open sets is not a fuzzy semi pre open set. The next example shows that the intersection of any
two fuzzy C -semi- pre open sets is not fuzzy C - semi-pre open.

Example 3.5

From Example 3.4, let X = {a, b} and t = {0, {a.3, b.g}, {a.2, b.s}, {a.7, b.os}, {a.3, b.s},
{a.3, b.os}, {a.2, b.os}, {a.7, b.g}, {a.7, b.s}, 1} Let A = {a.,, b.g}, it can be found that Cl ¢ A =
{a.4375, b.gs}, It Clc A ={a.3, b.g} and Cl¢c Int Clc A = {a.4375, b.gs}. Thatis A < Cl¢c Int ClcA.

And let u = {a.g, b.;s}, it follows that Clcp = {1}, Int Clcp ={1}and Clc Int Clc A =
{1} that implies V) <Cl C Int Cl c M. Now 7»/\“ = {a.z, b.25}, Cl C (k/\u) = {3.4375, b.25}, Int Cl c
(7\/\“) = {a.3, b.05} and ClI c Int Cl I (7»/\“) = {a.4375, b.o77} that implies }L/\u £ C|C IntCIC (KAM)
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By using Proposition 3.2 shows that Aap is not fuzzy C -semi -pre open, even though A and p
are fuzzy C -semi-pre open.

S.S. Thakur and S.Singh[9] established that any union of fuzzy semi-pre open sets is a
fuzzy semi-pre open set. The next example shows that the union of any two fuzzy C -semi-pre
open sets is not fuzzy C -semi-pre open.

Example 3.6

Let X = {a, b, c} and © = {0, {a.s, b.3}, {b.4, C.6}, {a.2, C.5}, {b.3}, {a.6, b.4, C.6}, {a.2, b.g,

C.e}, {Cs}, {a2}, {as, b3, Cs}, {82 bs}, {a2, b, cs}, {b.s, c5}, 1} Then (X, 1) is a fuzzy

topological space. Let C (x) :12—X, 0 < x <1, be a complement function and C does not satisfy
+ X

the monotonic and involutive conditions. The family of all fuzzy C -closed sets C (1) = {0, {a.s,
b.s6}, {b.571, C.75}, {a.33, C.e67}, {0.462}, {@.75, b.571, C.75}, {a.33, b.57, C.75}, {C.e67}, {a.33}, {a.7s,
b.462, C.67}, {@.33, D462}, {@.33, D.462, C.667}, {b.s62, C.e67}, 1}. Let & = {a.7s, b.3s}, it can be find
that Clc A = {a.75, .46}, Int Clc A = {a.¢, b.3}. and Clc Int Clc A= {a.75, b.46}. That is A < Clc Int
Clc .

Let u = {b.4s, C.75}, it follows that Clc u = {b.s7, C.75}, Int Clc u = {b.4, c.¢}and Clc Int Clc p =
{b.571, C.75} that implies p < Clc Int Clc . Now Avpu ={a.75, b.ss, €75}, Clc (Av 1) = {a.75, b.sy,
.75+ and

Int Clc (Avp) = {a.6, b.4, C.6} and Clc Int Clc (Avp) = {a.75, b.aso, C.667} that implies Avp £ Clc
Int Clc (Avp). By using Proposition 3.2, Avu is not fuzzy C - semi-pre open, even though A and
u are fuzzy C - semi-pre open.

If the complement function C satisfies the monotonic and involutive conditions, then
union of two fuzzy C - semi-pre open sets is again fuzzy C - semi-pre open as shown in the next
proposition.

Theorem 3.7

Let (X, 1) be a fuzzy topological space and C be a complement function that satisfies the
monotonic and involutive conditions. Then the arbitrary union of fuzzy C -semi-pre open sets is
fuzzy C -semi-pre open.

Proof
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Let {A,} be a collection of fuzzy C - semi-pre open sets of a fuzzy space X. Then for each «,
there exists a fuzzy C - pre open set p, such that p,< Aq< Clc (o). Thus vipe< VA< vCle (U)-
Since C satisfies the monotonic and involutive properties, by using Lemma 2.8, we have vClc
(1) < Clc (vug), that implies vip,< VAL Cle (Vo). By using Lemma 2.17, we have arbitrary
union of fuzzy C -pre pen sets is fuzzy C — semi open, that implies vu,is fuzzy C -
pre open. By using Definition 3.1, we have {vA.} is a fuzzy C - semi- preopen set.

Proposition 3.8

Let (X, 1) be a fuzzy topological space and C be a complement function that satisfies the
monotonic and involutive conditions. If A < u < Clc A and A is fuzzy C -semi-pre open in (X, 1)
then  is also such that fuzzy C -semi-pre open in (X, 1)

Proof.

Let v be fuzzy C -pre open such that L < u < Cl¢ A. Clearly vi <pand A < Clc v implies
that Clc v < Clc A. Consequently, v < u Clc v. Hence p is fuzzy C -semi-pre open in (X, 1).
Theorem 3.9

Let (X 1) and (Y o) be C -product related fuzzy topological spaces. Then the product A,
x A, of a fuzzy C -semi-pre open set A, of X and a fuzzy C -semi-pre open set A, of Y is a fuzzy
C -semi-pre open set of the fuzzy product space X x Y.

Proof.

Let A, be a fuzzy C -semi-pre open subset of X and A, be a fuzzy C -semi-pre open subset
of Y. Then by using Definition 3.1, there exists a C -pre open sets u; in X and p, in Y such that
t1 < A< Cle pgand pp< A, < Cle pp. That implies py x pp <Aq x A2 < Cle py x Cle pp. By applying
Lemma 2.12, p1 X pp <Aq x Ap < Cle (u1 x p2). Again by using Definition 3.1, A3 x
A2 is a fuzzy C -semi pre open set of the fuzzy product space X x Y.

4. Fuzzy C -semi-pre closed sets
This section is devoted to the concept of fuzzy C -semi-pre closed sets that are defined by
using fuzzy C -closure operator.
Definition 4.1

Let (X,t) be a fuzzy topological space and C be a complement function. Then a fuzzy

subset A of X is called fuzzy C -semi-pre closed in (X,t) if there exists a fuzzy C -pre closed set

p such that Cu<CA<Clc(Cp.
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Remark 4.2
IfFC(X)=1-x,thenCpu<CA<LClc(Cu)=1-pu<1-A<C(Intp)
=1-pu<l-A<l-Intp
=IntpsA<p
So, the class of all fuzzy C -semi-pre closed sets coincides with the class of all fuzzy semi-pre
closed sets if C (x) = 1-x.

The standard complement of fuzzy semi-pre open is fuzzy semi pre closed. The
analogous result is not true for fuzzy C -semi-pre open. If the complement function C satisfies
the involutive condition, then the arbitrary complement of fuzzy C -semi-pre open is fuzzy C -
semi-pre closed.

Proposition 4.3
Let (X, 1) be a fuzzy topological space and C be a complement function. Then
If A is fuzzy C -semi-pre closed then C A is fuzzy C -semi-pre open.
If A is fuzzy C -semi-pre open then C A is fuzzy C -semi-pre closed provided C
satisfies the involutive condition.
Proof.

Let A be fuzzy C -semi-pre closed. Then by using Definition 4.1, there exist a fuzzy C -
pre closed set p such that C u < C A < Cl ¢ (C p). By replacing C u=46,8 < C A <Cl¢ (5). By
using Definition 3.1, C M\ is fuzzy C -semi-pre open. This proves (i).

Let A be fuzzy C -semi-pre open. Then by using Definition 3.1, there exists a fuzzy C -
pre open n such that n <A < Cl¢ n. Let u = C n. Since C satisfies the involutive condition, n =

C(Cn)=Cpu. Thatis, Cu<C(CA)<Clc(Cp). Thus, C A is fuzzy C -semi-pre closed.

Proposition 4.4

Let (X, ) be a fuzzy topological space and C be a complement function that satisfies the
monotonic and involutive conditions. Then for a fuzzy sub set A of a fuzzy topological space (X,
1) is fuzzy C -semi-pre closed if and only if Int Cl ¢ Int( ) < A.
Proof.

Let A be fuzzy C -semi-pre closed. Then by using Proposition 4.3, C A is fuzzy C -semi-
pre open that implies C A < Cl¢ IntClc C A. Taking complement on both sides, we getC (C A)<C
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(Clc Int Clc C A). Since C satisfies the monotonic and involutive conditions, by applying
Lemma 2.6, Int Clc Int A< A.

S.S.Thakur and S.Singh [9] established that any union of fuzzy semi-pre closed sets is not
fuzzy semi-pre closed set. However the following example shows that the union of any two
fuzzy C -semi pre closed sets is not fuzzy C -semi -pre closed.

Example 4.5

1-x

Let X ={a, b, c}and t = {0, {c.4}, {a.7}, {a.7, c.4}, 1}. Let C (X) = o

,0<x<1 bea

complement function. Then the family of all fuzzy C -closed sets is C (1) = {0, {a1, by, C.33},
{a.125, b1, €1}, {a.125, by, C.33}, 1} Let A = {c.4}, p = {a.7} and Avu = {a.7, c.4}. Then Int A =
{c.u}, Clc Int A = {a.12s by, ci}and Int Clc Int A = {c.a} <A. Now Int p = {c.a}, ClcIntp=
{a.125, by, c1} and Int Cl ¢ Int pu = {c.4} < u. By Proposition 4.4, shows that A and p are fuzzy C-
semi- pre closed sets. Now, Int (Avp) ={a.7, c.s} Clc Int (Avp) = {1} and Int Cl ¢ Int (Avp) =
1£ Avu. By using Proposition 4.4, Avyu is not fuzzy C —semi-pre closed.

S.S.Thakur and S.Singh [9] established that the intersection of fuzzy semi-pre closed sets
is fuzzy semi-pre closed. Moreover the following examples shows that the intersection of any
two fuzzy C -semi-pre closed sets is not fuzzy C -semi-pre closed.

Example 4.6

Let X = {a, b, c} and © = {0, {a.s, b.3}, {b.4, C.6}, {a.2, C.6}, {b.3}, {a.6, .4, C.6}, {a.2, b.g,

C.e}, {Cs}, {a.2}.{as b3, Ce}, {a2 bs}, {a2 bs, Ce}, {b.3 Ce}, 1}. Then (X,7) is a fuzzy

topological space. Let C (x) = 12—X 0 <x <1, be a complement function. The family of all fuzzy
+ X

C-closed sets C (1) = {0, {b.s7, C.75}, {a.75, b.se}, {a.33, C.75}, {b.46}, {a.75, b.s7, .75}, {a.33, bosy,
C.75}, {C.75}, {@.3s}, {a.75, b.ss, C.75}, {33, D.se}, {33, D.ss, C.75}, {b.ss, C.75}, 1}. Let h = {a., b.s,
C.s} and p = {b.4, C.¢}. Then it can be calculated that Int A = {a.,, b.3, C.¢}, Clc Int A = {a.33, b.4s,
c.;spand IntClc Int A ={a.,, b.3, C.6}.

And Int u={b.4, C.6}, Clc Int u={b.s, C.75} and Int Clc Int p = {b.4, C.c}. By Proposition 4.4,
shows that A and p are fuzzy C-semi- pre closed sets. Now, Int Anp = {b.3, c.s} and
Clc Int (AAp) # {b.4e, C.75} and Int Cl ¢ Int (AAp) = {b.4, C.6} £ (AAp). By using Proposition 4.4,

A is not fuzzy C - semi-pre closed.
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Remark 4.7

Further, the Example 4.6 shows that the intersection of any two fuzzy C - semi-pre closed
sets is not fuzzy C - semi-pre closed, even though the complement function satisfies the
monotonic and involutive conditions.

If the complement function C satisfies the monotonic and involutive conditions. Then
arbitrary intersection of fuzzy C -semi-pre closed sets is fuzzy C -semi-pre closed as shown in
the following proposition.

Proposition 4.8

Let (X, 1) be a fuzzy topological space and C be a complement function that satisfies the
monotonic and involutive conditions. Then arbitrary intersection of fuzzy C -semi-pre closed
sets is fuzzy C -semi-pre closed.

Proof.

Let {A,} be a collection of all fuzzy C -semi-pre closed sets of a fuzzy topological space
X. Then for each a, there exists a fuzzy C -pre closed set p, such that C

Ue< C Ae< Cl ¢ (C pg). Thus v C pe< v C Ay £ VCle (C ). Since C satisfies the
monotonic and involutive conditions, by using Lemma 2.8, we have vCl¢ (C pg) < Clc (VC pg).
This implies that v C pe< v C A,< Cl ¢ (VC py). By using Lemma 2.2, C (Apg) £ C (ALg) < Cl ¢
C (Aue). By using Lemma 2.17, arbitrary intersection of fuzzy C -pre closed sets is fuzzy C -pre
closed. That implies Ale= u Is fuzzy C -pre closed. Thus we see that C u < C (Akg) <
Cl ¢ (C ). By using Definition 4.1, A\, is a fuzzy C -semi-pre closed.

It is clear that every fuzzy C -pre closed set is fuzzy C -semi-pre closed. But the converse

is not true as shown by the following example.

Example 4.9
Let X = {a, b, ¢} and © = {0, {a, cs}, {bs}, {a. bs cs} 1}
Let C (x) = 11_3)( , 0 <x <1, be a complement function. Then the family of all fuzzy C -closed
+ 3x
sets C (1) =40, {a.5, by, c.2}, {a1, b.ss, €1}, {a.s, b.ss, €2}, 1} Let A = {a.5, b.s, c1}. Then Int

A= {a.z, b.3, C.5}, C|C IntA = {8.1, b.36, Cl} and Int C|C Int A= {a.z, b.3, C.5}. This implies that
Int Clc Int A < A.By using Proposition 4.4, A is fuzzy C - semi-pre closed.
Also Cl¢ Int A= {as, b.3s, C1} £ A, this shows that A is not fuzzy C -pre closed.
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It is clear that every fuzzy C -semi closed set is fuzzy C - semi-pre closed. But the
converse is not true as shown in the following example.
Example 4.10

From Example 4.9, let X = {a, b, c} and t = {0, {a.,, c.5}, {b.3}, {a.2, b.3, c5}, 1}.
Let u={a.,, b.g, C.g}, it can be computed that Int & = {a.,, b.3, c.5}, Clc Int A = {a.s, b.36, ¢1} and
Int Clc Int A= {a.,, b.3, c.s}. This implies that Int Clc Int A < A. By using Proposition 4.4, A is
fuzzy C - semi-pre closed. Also Int Clc A= {1} £ A, this shows that A is not fuzzy C -
semi closed.

5. Fuzzy C -semi-pre interior and fuzzy C -semi-pre closure

In this section, we define the concept of fuzzy C -semi-pre interior and fuzzy C -semi-pre
closure and investigate some of their basic properties.

Definition 5.1

Let (X,t) be a fuzzy topological space and C be a complement function. Then for a
fuzzy subset A of X, the fuzzy C -semi-pre interior of A (briefly spintc 1), is the union of all
fuzzy C -semi-pre open sets of X contained in A.

That is, spintc (A) = v {u; u <A, pis fuzzy C -semi-pre open}.
Proposition 5.2

Let (X, 1) be a fuzzy topological space and let C be a complement function that satisfies
the monotonic and involvtive conditions. Then for any fuzzy subsets A and p of a fuzzy
topological space X, we have

(1) IntA <splintcA,

(if) splntcA is fuzzy C -semi-pre open,

(iii) A is fuzzy C -semi-pre open < splntc A = A,
(iv) splntc (spIntc L) = spintc A,
(v) If X < pthen spintc A < spintc p.

Proof.

By using Remark, every fuzzy open set is fuzzy C -semi-pre open. So, we have Int A <
spintc A. This proves (i).

(i) follows from Definition 5.1.
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Let A be fuzzy C -semi-pre open. Since A < A, by Definition 5.1, A < spintc A. By using
(ii), we get spintc A = A. Conversely we assume that spintc A = A. By using Definition 5.1, A is
fuzzy C -semi -preopen. Thus (iii) is proved.

By using (iii), we get spintc (sIntc 1) = spintc A.. This proves (iv).

Since A <, by using (i), spintc A <A < . This implies that spintc (spintc L)< spintc p.
By using (iii), we get splntc A < splntc p. This proves (v).
Proposition 5.3

Let (X, 1) be a fuzzy topological space and let C be a complement function that satisfies
the monotonic and involutive conditions. Then for any two fuzzy subsets A and p of a fuzzy
topological space, we have (i) spintc (Avu) > spintc Avsplntc p and (ii) spintc (Aap) < spintc
Anspintc p.
Proof.

Since A £ A v p and p < Avu. By using Proposition 5.2(iv), we get spintcA < spintc
(Avp) and spintc p < splntc (Av). This implies that spintc Av spintc p < splintc (Avp).

Since L A p <A and A A p < p. By using Proposition 5.2(v), we get spintc (AAp) < splntc
A and spintc (AAp) < splntc p. This implies that sintc (AAp) < spintc A A spintc p.

Definition 5.4

Let (X,t) be a fuzzy topological space. Then for a fuzzy subset A of X, the fuzzy C -
semi-pre
closure of A (briefly spClc 1), is the intersection of all fuzzy C - semi-pre closed sets containing
A.

That is spClc A = A{w: u> A, pis fuzzy C - semi-pre closed}.

The concepts of “fuzzy C - semi-pre closure” and “fuzzy semi-pre closure” are identical
if C is the standard complement function.
Proposition 5.5

If the complement functions C satisfies the monotonic and involutive conditions. Then
for any fuzzy subset A of X, (i) C (spIntc 1) = spCl ¢ (C A) and (ii) C (spCl ¢ 1) = spint¢c (C A),
where splintc A is the union of all fuzzy C - semi-pre open sets contained in A.

Proof.

A Quarterly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories
Indexed & Listed at: Ulrich's Periodicals Directory ©, U.S.A., [Jsl=lNNECEET-MITIE! as well as in Cabell’s Directories of Publishing Opportunities, U.S.A.

International Journal of Engineering, Science and Mathematics
http://www.ijmra.us



June
2013

(i)
(iii)
(iv)

_.‘11\.‘]' I IV Volume 2, Issue 2 ISSN: 2320-0294

By Definition 5.1, spint ¢ A = v{u: p < A, p is fuzzy C - semi-pre open}. Taking
complement on both sides, we get C (spIntc (A)(X)) = C (sup{u(x): u(x) < A(x), p is fuzzy C -
semi-pre open}). Since C satisfies the monotonic and involutive conditions, by using Lemma
2.2, C (spIntc (W)(x)) = inf { C (u(x)); wx) < A(x), u is fuzzy C - semi-pre open}. By using
Definition 2.1, C (spInt¢ (A)(x)) = inf { C u(x)): C u(x) = C A(x), w is fuzzy C - semi-pre open}.
By using Proposition 4.3, C p is fuzzy C - semi-pre closed, by replacing C p by n, we see that C
(spIntc (A)(x)) = Inf{n(X): n(X)> C A(x), C n is fuzzy C - semi-pre open}. By using Definition
5.4, C (spIntc (A)(X)) = spCl ¢ (C X) (x). This proves that C (spIntc A) =
spClc (C ).

By using Definition 5.4, spCl ¢ A = A{w: A<py, p is fuzzy C - semi-pre closed}. Taking
complement on both sides, we get C (spCl ¢ A (X)) = C ( inf{u(x); nu(x) > A(x): u is fuzzy C -
semi-pre closed}). Since C satisfies the monotonic and involutive conditions, by using Lemma
2.2, C (spClc A(x)) =sup { C (u(x)): u(x) = A (x): wis fuzzy C - semi-pre closed}. By Definition
2.1, C (spCl c A(x)) = sup { C u(x): C w(x)) < C A(x): wis fuzzy C - semi-pre closed}. By using
Proposition 4.3, C u is fuzzy C - semi-pre open, by replacing C u by n, we see that C (sCl ¢ (X))

= sup {M(x): n(x) < C A(X); n is fuzzy C - semi-pre open}. By using
Definition 5.1, (spClc A(x)) = spintc (C A)(X). This proves C (spClc (1)) =
splintc (C L).

Proposition 5.6

Let (X, 1) be a fuzzy topological space and let C be a complement function that satisfies
the monotonic and involvtive conditions. Then for the fuzzy subsets A and p of a fuzzy
topological space X, we have

A <spClc A,

A is fuzzy C - semi-pre closed <> spCl ¢ A = A,

SpCl ¢ (spCl ¢ 1) =spCl ¢ A,

If L < pthen spClc A <spCl ¢ .
Proof.

The proof for (i) follows from spClc A= inf{u: u> A, p is fuzzy C - semi-pre closed}.
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Let A be fuzzy C - semi-pre closed. Since C satisfies the monotonic and involvtive conditions.
Then by using Proposition 4.3, C A is fuzzy C - semi open. By using Proposition 5.2, sintc(C A)
= C . By using Proposition 5.5, we see that C (spClc A) = C A. Taking complement on both
sides, we get C (C (sClcA)) = C (C A). Since the complement function C satisfies the involutive
condition, spClc A = A.

Conversely, we assume that spClc A = A. Taking complement on both sides, we get
C (spClc 1)) = C . By using Proposition 5.5, spintc C A = C A. By using Proposition 5.2, C A is
fuzzy C -semi open. Again by using Proposition 4.3, A is fuzzy C - semi-pre closed.
Thus (ii) proved.

By using Proposition 5.5, C (spClc A) = spintc (C A). This implies that C (spClc A) is
fuzzy C - semi-pre open. By using Proposition 4.3, spClc (A) is fuzzy C -semi closed. By
applying (ii), we have spClc (SpClc A) = spClc A. This proves (iii).

Suppose A < u. Since C satisfies the monotonic condition C A > C p. This implies that
spIntc C A > spintc C p.Taking complement on both sides, we get C(spIntc CA)< C (spintc C ).
Then by using Proposition 5.5, spClc A < spClc w. This proves (iv).

Proposition 5.7

Let (X, 1) be a fuzzy topological space and let C be a complement function that satisfies
the monotonic and involutive conditions. Then for any two fuzzy subsets A and p of a fuzzy
topological space, we have (i) spCl ¢ (Avp) = spCl ¢ Av spCl ¢ p and (ii) spClc (Aap) < spClc A
A SpCl ¢ .

Proof.

Since C satisfies the involutive condition, spClc (Avu) = spClc (C (C (Avp))). Since C
satisfies the monotonic and involutive conditions, by using Proposition 5.5, spClc (Avu) = C
(spintc (C (Avw))). By using Lemma 2.2, we have spClc (Avp) = C (spintc (C Aa C w)). Again
by using Lemma 2.2, Clc (Avp) < C ((spIntc C 1) A(spIntc C ) = C (spintcC 1) v C
(spIntc C p). By using
Proposition 5.5, spClc (Avp) < spClc AvspClc . Also spClc (1) < spClc (Avp) and spClc (u) <
spClc (Avp) that implies spClc (A)vspClc (1) < spClc (Avp). Then it follows that spClc (Avu) =

A Quarterly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories
Indexed & Listed at: Ulrich's Periodicals Directory ©, U.S.A., [Jsl=lNNECEET-MITIE! as well as in Cabell’s Directories of Publishing Opportunities, U.S.A.

International Journal of Engineering, Science and Mathematics
http://www.ijmra.us



June
2013

_.aill.ﬂl I IV Volume 2, Issue 2 ISSN: 2320-0294

SpClc Av spClc p. Since spClc (Aap) < spClc A and spClc (Aap) < SClc p, it follows that spClc
(AA ) <spClc A A spClc .

Proposition 5.8
Let C be a complement function that satisfies the monotonic and involutive conditions.

Then for any family {1,} of fuzzy subsets of a fuzzy topological space, we have (i) v(spClc Ay )
< spClc (vAy) and (i) spClc (Ahg) < A(SPClc Ay )
Proof.

For every B, Ap < VAq < SPClc (VA4). By using Proposition 5.6, spClc Ag < spClc (V) for
every B. This implies that vspClc Ag < spClc (Vo). This proves (i). Now Ak, < Ag for every .
Again using Proposition 5.6, we get spClc (ALy) < spClc Ag, This implies that spClc (AAy) <
ASPClc Ay. This proves (ii).

6. Fuzzy C- semi-pre continuous functions

This section is devoted to the concept of fuzzy C -semi -pre continuous functions.
Definition 6.1

f: (X, 1) > (Y, o) is called fuzzy C - semi-pre continuous function if f *(p) is a fuzzy C —
semi-pre open set in X for each fuzzy open subset pin'Y.
Proposition 6.2

Let X1, X3, Y1 and Y, be fuzzy topological spaces such that X; is C -product related to
X, and f1 1 X1 > Yiand f, : X3 — Y3 be functions. If f; and f, are fuzzy C - semi-pre
continuous then f; x f, is also a fuzzy C -semi-pre continuous function.
Proof.

Let A, and pg are fuzzy open subsets in Y and Y respectively and let & = v(ﬂa X ,uB) be

a fuzzy open set in Y1 x Y. Then by using Lemma 2.21, we have (fy x f2)™ (1) = v(f1 x f2) (e x
up) = Vi (Ae) x 27 (up)]. Since f; and f, are fuzzy C -semi-pre continuous, by using Definition
6.1, f; ' (\) and 2™ (up) are fuzzy C -sem-pre open sets. Also by using Theorem 3.9, f; (L) x f2°
1(MB) is a fuzzy C -semi-pre open set and since arbitrary union of fuzzy C -semi-pre open sets is

fuzzy C -semi-pre open, v(fi ™ (Ao)xf2 ™ (1p)) is fuzzy C -semi-pre open. This shows that (f; x )™
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() is fuzzy C -semi -pre open. By using Definition 6.1, (f; x f,) is fuzzy C -semi-pre continuous
function.
Proposition 6.3

Let f: (X, ©) — (Y, o) be a function and g : X — X x Y be the graph of f. If g is fuzzy

C -semi -pre continuous then f is also fuzzy C -semi -pre continuous.

Proof.

Let u be a fuzzy open set in Y. Since f () = 1IAf (u) = g'(1xp), g is a fuzzy C -semi-
pre continuous and 1 x p is a fuzzy open set in XxY, f *(p) is a fuzzy C -semi -pre open set of
X. By using Definition 6.1, f is a fuzzy C -semi -pre continuous function.
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